Employing a higher order symplectic integration algorithm, we integrate the 1-d nonlinear Schr odinger equation numerically for solitons moving in an external potential. In particular, we study the scattering o an interface separating two regions of constant potential, with a linearly rising ramp in the interface region. Transmission coe cients are computed as functions of the height of this ramp and of its steepness in the semi-classical domain (slope 1) near the classical threshold for transmission. For energies slightly above this threshold, we nd a narrow range of slopes in which the soliton is almost fully re ected, though it is nearly completely transmitted outside this range.
Recent years have seen a considerable growth in the interest for nonlinear partial di erential equations with soliton solutions. In particular, the nonlinear Schr odinger equation (NLSE) and its modi cations have a quite large range of applicability, describing phenomena occurring in optics, solid state, particle and plasma physics. Some of the more interesting problems, for which the NLSE appears to provide a fruitful description, are modulational instability of water waves 1], propagation of heat pulses in anharmonic crystals, helical motion of very thin vortex laments, nonlinear modulation of collisionless plasma waves 2], and self-trapping of light beams in optically nonlinear media 3, 4, 5] . In all these problems, the main interest lies in the fact that the NLSE has soliton solutions. These are solitary waves with well de ned pulse-like shapes and remarkable stability properties 6] .
A great deal of current interest is directed to the in uence of external perturbations on these states. Such perturbations can be due to di erent sources. One interesting class consists of \Hamiltonian" perturbations which do not destroy the Hamiltonian structure of the NLSE. They are essentially of two kinds, one arising from the interaction with a potential term, the other due to spatial inhomogeneity of the coe cients in the kinetic and nonlinear terms. The latter 4, 5, 7, 8, 9] are relevant for the transmission of pulses through junctions in optical bers.
In this letter we will limit ourselves to external potentials which are constant outside a nite interval. But we allow di erent values V 0 for x ! 1, modeling thereby an interface between two di erent media. This interface can have di erent widths, which can be described by a linearly rising potential with adjustable slope. We study initial conditions consisting of a single soliton moving with constant velocity. In general, we have to expect that this soliton will have a complicated interaction when it hits the interface. It can be re ected, break up into several solitons, radiate non-solitary waves, or can show any combination of these. Several authors 3, 4, 5, 10, 11] have studied this problem by means of perturbation theory. But the perturbations examined there are much smaller than those which will be discussed in the present letter. Therefore their approach will not necessary hold in the present case. An exception is provided by the semi-classical limit, where the potential varies slowly on length scales given by the size of the soliton. In this limit (corresponding to the slope in the interface tending to 0), we have Ehrenfest's theorem which tells us that the soliton behaves like a classical particle: it is transmitted without radiating non-solitary waves if the potential height is below some threshold, while it is totally re ected above.
It seems natural to assume |and was assumed in all previous works| that the approach to this semiclassical limit is smooth. Thus, there should exist a semiclassical regime where the transmission coe cient depends essentially only on the potential di erence, but is weakly dependent on the slope, provided it is su ciently small. It is the purpose of the present letter to show that this is not the case. Assume that the kinetic energy K of the soliton is such that it could just barely overcome the potential classically, K = V 0 + . We nd that there is for any su ciently small a sharply de ned range in slopes | extending to zero slope in the limit ! 0 | where the soliton is nearly completely re ected. This is so in spite of the fact that it would be transmitted classically, as it does indeed outside this range. This phenomenon could have a number of interesting practical applications.
For the numerical integration of the NLSE we applied a fourth order symplectic integrator. As we have already mentioned, the NLSE is a Hamiltonian system. Thus, it is natural to apply to it integration routines which were developed during the recent years and whose main characteristic is that they preserve the Hamiltonian structure 12, 13, 14]. These symplectic integrators were successfully applied to the linear 15, 16, 17, 18] and nonlinear 19, 20, 21, 22, 23 ] Schr odinger equations. For this reason we will not go into further discussion and refer the reader to the existing literature.
One very important advantage of these kind of integrators with respect to the most common ones, such as e.g. Runge-Kutta or predictor-corrector, is that the energy might uctuate, but does not drift. This, together with the fact that normalization is exactly preserved for these integrators, implies that they have extremely good long time stability.
Using appropriate units, we can write the NLSE as 
We call the negative x-axis region I, while region II is the region x > 0. We study scattering solutions where the incoming wave consists of a single soliton arriving from region I. The outgoing wave will then in general be a complicated superposition of solitons and non-solitary waves. One interesting question is how much of the total energy is transmitted and re ected. For a constant potential V 0 the soliton solutions of eq. (1) Moreover it is easily seen that N and E are also conserved for non-constant potential V .
Thus we can de ne two sets of transmission and re ection coe cients 
For the simulations we used the fourth order symplectic integrator introduced by McLachlan and Atela 25] . Its application to the NLSE uses a spatial discretization and is described in ref. 22, 23] . We checked that this special integrator gives the smallest error (in the interesting range of time steps) among six di erent second and fourth order integrators 12, 26, 27, 28] .
Conservation of the normalization N was checked numerically, relative errors (due to round-o ; we used double precision arithmetic throughout this paper) typically being of order 10 ?11 . Energy is not conserved exactly, and the relative error was of order 10 ?7 after an evolution time t = 500 with an integration time step t = 0:0025. The precise value depends, of course, on the parameters of the soliton and on x 0 . We checked carefully that our results were independent of the time step and of the spatial discretization x.
In the following runs we used t = 0:01; as there is a maximum for x 0 2?3 which seems to be a nonlinear resonance e ect. Also, T N is systematically lower than T E , which is easily understood.
2) These data show a very slight shoulder at 5 < x 0 < 10. This shoulder gets more pronounced and is shifted towards larger values of x 0 when V 0 is decreased, but stays still larger than K. When V 0 reaches K, the shoulder is shifted to x 0 12 and is a dominating feature.
3) As we decrease V 0 further, below K, this shoulder continues to become sharper and more pronounced. Indeed, it develops into a peak, and both transmission coe cients drop very steeply beyond this peak. After this drop, they seem to join a common curve independent of V 0 , but they do not stay on this curve as we increase x 0 further. Indeed, we are now in a regime where classically the soliton could be fully transmitted, and T E and T N have to converge to 1 for x 0 ! 1. But we see that this limit is not reached smoothly. Instead, the transmission coe cients jump |instantaneously within our resolution| to values 1. The values of x 0 where these jumps happen seem to diverge when V 0 ! K from below. 4) As V 0 is decreased further, we reach a value V 0;c (numerically, 0:3155 0:0005) where the window of small transmission coe cients disappears. As V 0;c is reached from above, the locations of the downward jump and of the upward jump both tend towards x 0;c 14:7. At this point, both jumps seem to be instrumentally sharp. For V 0 < V 0;c , no trace of this singular behavior is left, and the transmission coe cients rise monotonically towards their asymptotic value 1 as x 0 is increased.
5) This monotonic rise is seen for x 0 > 10. For smaller values of x 0 we still see the maximum at x 0 3 which persisted throughout the above range, and which disappears only for V 0 . 0:3.
The unexpected and surprising behavior are the windows of small transmission coe cients seen for V 0;c < V 0 < K. This e ect is not predicted classically (where we would have expected complete transmission), and it is not clear a priori why the quantum theory should produce any structure which seems to be discontinuous to the naked eye.
To understand this, we rst try to get some more insight by looking at the evolution of the wave function. In g.2 we show j j are shown as functions of time. We see that in both situations the behavior is very similar for times < 800: when the soliton hits the potential, it is stopped to velocity near zero, and radiates non-solitary waves back into region I where it comes from. This takes place during 100 time units. After this, the soliton nearly stays at rest, until it either moves slowly away from the interface (x 0 = 16:4) or falls back the slope (x 0 = 16:2) and is re ected.
A heuristic explanation of our e ect |more precisely of the second jump, the rst (downward) jump is less easy to understand| is now easily suggested. If there were no radiation (as is the case for x 0 ! 1) the energy of the soliton would be conserved, and the threshold for transmission would be strictly at V 0 = K. But for nite x 0 , the radiation implies that the soliton has lost energy when it reaches the upper end of the ramp, and it needs K > V 0 to be transmitted. Thus there is a range K ? (x 0 ) < V 0 < K where the soliton is re ected though it would be transmitted classically. Since the soliton stays very long near the upper egde of the ramp for 
which goes back to zero for x ! 1. We checked that this is indeed the case, provided x 2 ? x 1 x 0 1. In this case, the transmission coe cients are nearly the same as for the ramp with the same x 0 and V 0 , i.e. the soliton overcomes a at barrier i it overcomes its rising part.
The above argument suggests also that a similar e ect should be seen if the interface is not modeled by a linearly rising potential. For instance, we might consider a sigmoidal potential or a Gaussian barrier. In this case, the soliton still should radiate when hitting the region where the potential is varying (although maybe less than in the present case), and we expect a similar phenomenon. The same should be true if we describe the spatial inhomogeneity not by a spatially dependent V (x) but by a spatial dependence of the coe cients in front of the kinetic or nonlinear terms of the NLSE. Also in these cases there should be radiation when the soliton encounters the inhomogeneity, such that its energy is lowered and it cannot penetrate a barrier which it otherwise would have just barely overcome.
Though we have not yet any de nite application in mind, we believe that this e ect can be of potential use for constructing switches in optical bres or similar soliton-bearing devices. 
